
Mathematical Olympiad for Girls 2014 Question 3

Question 3

A large whiteboard has 2014 + signs and 2015 − signs written on it. You are allowed to
delete two of the symbols and replace them according to the following two rules.

(i) If the two deleted symbols were the same, then replace them by +.
(ii) If the two deleted symbols were different, then replace them by −.

You repeat this until there is only one symbol left. Which symbol is it?

It may be useful to start investigating what happens by looking at a particular order of deleting
the symbols. For example, we could delete 1007 pairs of − signs, leaving only one − sign and
3021 + signs (because (2014 + 1007 = 3021). Then keep deleting pairs of + signs until there is
only one left. This leaves one + and one − sign, and deleting those leaves you with a − sign.

There are several other examples leading to the same answer. Another useful approach may be
to investigate what happens if you start with fewer symbols, but we should think carefully about
the significance of the specific numbers 2014 and 2015.

At this point we might think that we have solved the problem. However, there is a very common
trap here! The description above shows that we can end up with one − sign. But it does not
guarantee that this will happen regardless of the order in which you delete the symbols. To solve
the problem, we must show either that we always end up with one − sign, or that that the final
symbol depends on the order in which we deleted them.

We need an argument that does not rely on a specific example. The answer probably has
something to do with the fact that there is an odd number of − signs, which seems to make it
impossible to eliminate the final one. So one approach is to look at whether, after each step, the
number of each type of symbol is even or odd (this is called the parity of the number).

Alternatively, the rules of the game should remind us of the rules of multiplication of positive
and negative numbers. We present two solutions, one using each of these ideas.
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Solution 10 marks

Method 1

At each step, one of the following three things happens:

(i) two + signs are replaced by one + sign;
(ii) two − signs are replaced by one + sign;

(iii) one + sign and one − sign are replaced by one − sign.

In the first and the third case the number of − signs remains the same, while in the second case it
decreases by two. Since at the beginning the number of − signs was odd, it will remain odd after
each step. Hence we can never eliminate all the − signs, so this is the last remaining symbol.

Method 2

If we replace every + sign with the number 1 and every − sign with the number −1, then the rules
are equivalent to replacing a pair of numbers with their product. The final number remaining is
the product of all the numbers we started with, which is 12014 × (−1)2015 = −1. Hence the last
remaining symbol is a − sign.

Markers’ comments

This was the second most popular question and more than half the candidates scored marks on it.

A large number of candidates did not realise the need for generality and may be disappointed
with the number of marks they received. However, we did see many elegantly presented solutions,
and many more attempts to explain observed patterns. Some noticed the constant parity of the
number of minus signs without realising that this essentially solves the problem. Many thought
that the key issue is that the number of minus signs is one more than the number of plus signs;
this is not the case.

Another important point to note here is the need for clear presentation and commentary. A table
containing the numbers of plus and minus signs at various stages can be difficult to interpret. It
is much better to describe the strategy, such as saying which of the three rules is being used at
each stage.
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