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Solutions to the Olympiad Cayley Paper

C1. The two-digit integer ‘19’ is equal to the product of its digits (1 × 9) plus the sum of its
digits (1 + 9). Find all two-digit integers with this property.

Solution
If such a two-digit number has first digit  and second digit , then its value is .
The given condition then says that the product  of the digits, plus the sum  of the
digits, is equal to , in other words, 

a b 10a + b
ab a + b

10a + b

ab + a + b = 10a + b.
Subtracting  from both sides, we obtain b

ab + a = 10a.
Since a two-digit number cannot have first digit zero, we have  and we can divide
both sides by  to get , that is, . This shows that a number with this
property has second digit 9.

a ≠ 0
a b + 1 = 10 b = 9

We therefore check the numbers 19, 29, 39, , 89 and 99, and find that all of them have
the required property.

…

C2. Six pool balls numbered 1−6 are to be arranged in a triangle, as
shown. After three balls are placed in the bottom row, each of the
remaining balls is placed so that its number is the difference of
the two below it. 
Which balls can land up at the top of the triangle?

Solution 
First we observe that the ball numbered 6 is on the bottom row of the triangle, since
there are no permitted numbers which differ by 6 (because the furthest apart are 1 and 6
itself, and they differ by only 5). 
This tells us not only that 6 cannot appear at the top, but also that 5 cannot. Indeed, if 5
is at the top, then the middle row is 1 and 6 in some order, and that means 6 is not on the
bottom row.
If 4 is at the top, then the numbers below are either 2 and 6 (which, as above, is not
permitted), or 1 and 5. In the latter case, the numbers below the 5 have to be 1 and 6, but
we have already used the 1, so this cannot happen. 
That just leaves three possibilities for the top number: 1, 2 and 3. The following
examples show that they can all be achieved. 

1 2 3

2 1 6

3 3 24 5 5

5 4 46 6 1
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11. E Let the length and height of the small rectangle be  and
 respectively.  From the arrangement of the small rectangles

within the square it can be seen that 
(horizontally) and  (vertically).  These
simplify to  and  respectively. Hence the
value of  is 8 and the value of  is 4.  The area of each small
rectangle in  is then .

x cm
y cm

x − y + x + y + x = 24
y + x + x + y = 24

3x = 24 2y + 2x = 24
x y

cm2 8 × 4 = 32

12. C Let  be the point where  meets . In ,
.  This gives .

Angles on a straight line add to  so
 with solution .  

Hence the size of  is .

X RH PS �HXP
α + 90° + ∠HXP = 180° ∠HXP = 90° − α

180°
4α + 90° − α = 180° α = 30°

∠RPQ 2 × 30° = 60°

P

Q

X

R

H

S

α α

4α

Alternative solution:  For any triangle, the exterior angle at one vertex is equal to
the sum of the interior angles at the other two vertices.  If we apply this to triangle

 we get , so .  Therefore .XPH 4α = 90° + α α = 30° ∠RPQ = 2 × α = 60°

13. B The total length of time in minutes spent in the two bathrooms is 8 + 10 + 12 + 17
+ 21 + 22 = 90.  So, if it can be arranged that one bathroom is being used for
exactly 45 minutes at the same time as the other bathroom is also being used for 45
minutes then the boys would be finished at 7:45.  Consider the bathroom used by
the boy taking 22 minutes.  For an optimal solution, the other boys using the same
bathroom would need to take 23 minutes in total and it can easily be seen that no
such combination of two or more times can give this time.  The closest is 22
minutes from the boy who takes 10 minutes and the boy who takes 12 minutes.
This would mean one bathroom was in use for 44 minutes and the other for 46
minutes.  Hence the earliest time they can finish using the bathrooms is 7:46.

14. E Label the rectangle as shown in the diagram.  The  bisectors
of angles  and  form the hypotenuses of two
isosceles right-angled triangles  and .  Let the
length of  be .  The lengths of  and  are both
6 cm.   has length 11cm so  and hence 
and  are placed as shown.  Hence, the length of  and of

SPQ RSP
PQV URS

UV x cm QV QU
QR QV + RU > QR U

V RU

P

Q R

S

U V

 is .  The length of  is 11 cm so .  This has
solution  so the lengths of the three parts of  formed by the angle
bisectors are 5 cm, 1 cm and 5 cm respectively.

VR (6 − x) cm QR 6 − x + x + 6 − x = 11
x = 1 QR

15. D Let the number of coins and the number of pirates be  and  respectively.  From

the information in the question, we have the equations  and

.  Multiply the second equation through by  to obtain

 which has solution .  Now substitute this value into the
first equation to obtain .  This reduces to  with solution

.  Hence the pirates dug up 150 coins.

N x
N

x − 4
=

N

x
+ 10

N − 50
x

=
N

x
− 5 x

N − 50 = N − 5x x = 10
1
6N = 1

10N + 10 1
15N = 10

N = 150
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Solutions to the European Kangaroo Grey Paper

1. D Thursdays occur every seven days.  The latest date for the first Thursday in March
would be 7th March and hence the latest date for the third Thursday in March would
be 21st March.

2. C Draw the line .  The rectangle is now divided into four
identical triangles. Quadrilateral  consists of two of
these triangles, so its area is half of the area of rectangle

, that is, .

MN
MRNP

PQRS 5 cm2

P

Q R

S

M N

3. E The shape is made up of four pieces from one large square plus three further pieces
making up half of a large square.  Hence the area in  is .cm2 4 + 1

2 × 4 = 6

4. B Two litres represents  of the capacity of the bucket.  Hence the capacity
of the bucket in litres is .

3
4 − 1

2 = 1
4

4 × 2 = 8

5. E A cube with edges of length 3 is made up of  unit cubes.  Carl has already
used seven cubes to build the initial shape so the number of cubes he needs to add is

.

33 = 27

27− 7 = 20

6. B Each product is of the form .  The largest result
will come when the value of  is largest.  These values are 28, 30, 28, 24 and
18 respectively.  Hence, the largest result comes when  in calculation B.

aa × bbb = a × b × 11 × 111
a × b

a × b = 30

7. E In each two week period,  Jack has four piano lessons while Jill has one lesson.
Therefore Jack has three extra lessons in each two week period.  Hence it has taken

 two week periods for Jack to have the extra 15 lessons.  So they have
been playing for  weeks.
15 ÷ 3 = 5

5 × 2 = 10

8. B There are four regions where two circles overlap. Therefore the area covered by the
five circles in  is .cm2 5 × 1 − 4 × 1

8 = 9
2

9. C The powers of 2 under 100 are 1, 2, 4, 8, 16, 32 and 64.  The sum of the first six of
these is 63 so, to have a sum of three such ages adding to 100, one of them must be
64 (the grandmother).  This leaves 36 as the sum of the ages of the daughter and the
granddaughter.  The sum of the first five powers of 2 is 31 so, to have a sum of two
such ages adding to 36, one of them must be 32 (the daughter).  This leaves 4 as the
age of the granddaughter.

10. E The figure contains seven regions.  An anticlockwise rotation of four regions on
such a figure is equivalent to a clockwise rotation of three regions.  Hence, each
routine involves the two symbols moving three regions clockwise and so they will
never land in the same region.

25

C3. Rachel gave half of her money to Howard. Then Howard gave a third of all his money to
Rachel. They each ended up with the same amount of money.
Find the ratio

amount that Rachel started with : amount that Howard started with.

Solution
Suppose Howard starts with  pence and Rachel with  pence. Then Rachel gives  to
Howard; so after this Howard has . 

h r r
2

h + r
2

Next, Howard gives one third of his money to Rachel, so he has two thirds left. Thus he
now has

2
3 (h +

r

2) , that is,
2h

3
+

r

3
.

We are told that they then have the same amount of money, and so each of them has half
the total amount. Therefore 

2h

3
+

r

3
=

h

2
+

r

2
.

Multiplying both sides by 6, we get

4h + 2r = 3h + 3r ,
and subtracting  from both sides we get  or, in words, Howard and Rachel
started with the same amount of money. So the ratio we were asked to find is 1 : 1. 

3h + 2r h = r

C4. The square  lies inside the regular octagon .  The sides of the octagon
have length 1.

ABIJ ABCDEFGH

Prove that .CJ = 3

Solution
The exterior angles of any polygon add up to , so
for a regular octagon they are  each. That means the
interior angles are  each.  

Since the angle  is a right angle, the angle  is
. 

Consider now the line .

360°
45°

180° − 45° = 135°

ABI IBC
135° − 90° = 45°

JB A

B

C

DE

F

G

H

I

J

This is the diagonal of the unit square , and so ABIJ

JB2 = 12 + 12 = 2,
by Pythagoras' theorem for the triangle .ABJ
Also, , so .∠JBI = 45° ∠JBC = ∠JBI + ∠IBC = 45° + 45° = 90°
This means that triangle  is right-angled at . We have computed  and we know

, so, applying Pythagoras' theorem to triangle , we now get 
JBC B JB2

BC = 1 JBC

CJ2 = JB2 + 12

= 2 + 1,
that is, , as required. CJ = 3
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C5. Four types of rectangular tile have sizes 300 mm × 300 mm, 300 mm × 600 mm, 600
mm × 600 mm and 600 mm × 900 mm. Equal numbers of each type of tile are used,
without overlaps, to make a square. 
What is the smallest square that can be made?

Solution 
Let us say that one unit is 300 mm, so that the permitted tiles are 1 × 1, 1 × 2, 2 × 2 and
2 × 3.
Since the sides of all the tiles have lengths that are a whole number of units, any square
made out of them will have sides of length  that is a whole number of units. This square
has area .

N
N2

Also, the total area of one tile of each type is , so  is a multiple of
13. The smallest such  is 13 itself, so we ask ourselves if such a tiling is possible with
13 copies of each tile. It can indeed be done, as the example in the figure shows.

1 + 2 + 4 + 6 = 13 N2

N

This square, which we have proved to be the smallest possible, measures 13 units on
each side, or 3.9 m × 3.9 m.

15

Professor Colin Maclaurin
February 1698 − June 1746

The most significant Scottish mathematician and
physicist of the eighteenth century, Colin Maclaurin was
only 11 years old when he first attended the University
of Glasgow.  There he came into contact with the
Professor of Mathematics, Robert Simson, whose
enthusiasm and interest in geometry was to influence the
young boy.  After graduating in 1713, Maclaurin
remained in Glasgow for a further year to read divinity
(at that time intending to enter the Presbyterian Church).
He then continued to study mathematics and divinity
whilst staying with his uncle, the minister at Kilfinnan
on Loch Fyne.

Maclaurin was appointed professor of mathematics at
Marischal College in the University of Aberdeen in
1717, aged 19.  At this time his main interest was in the
mathematical and physical ideas of Sir Isaac Newton; he
met Newton during a visit to London in 1719, the same year that he was elected a fellow of
the Royal Society.  Maclaurin also did notable work in geometry, particularly higher plane
curves, and his first published work was Geometria organica, sive descriptio linearum
curvarum universalis, published in 1720.  One curve still bears his name, the Trisectrix of
Maclaurin.

After two years spent travelling in Europe, during which he was awarded a Grand Prize by the
Académie des Sciences in Paris for his work on the impact of bodies, Maclaurin took up the
post of Professor of Mathematics at the University of Edinburgh in 1725, and remained there
for the rest of his career.  In 1740 he again received a prize from the Académie des Sciences,
this time for a study of the tides. The prize was jointly awarded to four people, including two
other famous mathematicians, Leonhard Euler and Daniel Bernoulli.

In 1742, Maclaurin published the Treatise of fluxions, in which he uses the special case of
Taylor's series now named after him and for which he is best remembered today:

f (x) = f (0) +
f ′ (0)

1!
 x +

f ″ (0)
2!

 x2 +
f ′′′ (0)

3!
 x3 +  · · · .

He also wrote a book of problems for students,Ane Introduction to the Mathematicks, one of
which was used as the basis for question 2 of the 2004 Hamilton Olympiad Paper:

Maritus, uxor, et filius habent annos 96, ita ut anni Mariti et filii, simul
faciant annos uxoris + 15. Sed uxoris cum filii faciant mariti + 2.

Maclaurin defended mathematical education at universities because of its practical
applications, and his own work included gravitation, astronomy, cartography, the structure of
honeycombs and the measurement of the volumes of barrels.  The field of actuarial science
dates back to the calculations he helped to supply when one of the first pension funds was
founded in 1743, the Scottish Ministers’ Widows’ Fund.

Professor Colin Maclaurin: chalk drawing by David, 11th Earl of Buchan; reproduced by permission of
the Scottish National Portrait Gallery.Cy14
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Olympiad Maclaurin Paper

All candidates must be in School Year 11 (England and Wales), S4 (Scotland), or
School Year 12 (Northern Ireland).

1. What is the largest three-digit prime number  whose digits  and  are different
prime numbers?

‘abc’ a, b c

2. Nine buns cost £11 +  pence and 13 buns cost £15 +  pence, where  and
.

a b 0 < a < 100
0 < b < 100
What is the cost of a bun?

3. A regular hexagon, with sides of length 2 cm, is cut into two pieces by a straight line
parallel to one of its sides. The ratio of the area of the smaller piece to the area of the
larger piece is 1 : 5. 
What is the length of the cut?

4. In the diagram,  is the tangent at  to the circle
, and ,  and  are all right

angles. 

RAQ A
ABC ∠AQB ∠CRA ∠APC

Prove that .BQ × CR = AP2

RQ A

B
P

C

5. Kim and Oli played nine games of chess, playing alternately with the white and black
pieces. Exactly five games were won by whoever was playing with the black pieces,
Kim won exactly six games, and no game was drawn.
With which colour pieces did Kim play the first game?

6. The T-tetromino  is the shape made by joining four  squares
edge to edge, as shown. The rectangle  has dimensions ,
where  and  are integers. The expression ‘ can be tiled by ’
means that  can be covered exactly with identical copies of 
without gaps or overlaps.

T 1 × 1
R 2a × 2b

a b R T
R T

(a) Prove that  can be tiled by  when both  and  are even.R T a b

(b) Prove that  cannot be tiled by  when both  and  are odd.R T a b

27

C6. A couple own a circular piece of land that has area 
2500 .  The land is divided into four plots by two
perpendicular chords that intersect at . Their
rectangular house  has diagonally opposite corners at 
and at the centre of the circle , as shown. The two plots

 and  have a combined area of 1000 .

m2

X
H X

O
A B m2

What is the area occupied by the house? 

H

X

O

A

B

Solution 
Suppose the couple construct two new fences, by reflecting the two given perpendicular
chords in the lines through the walls of their house. 

H

NE
N

NW

EW

SW
S

SE

This creates a symmetric configuration, as shown, so that their piece of land now
consists of: 

(i) one central plot, containing the couple's house; 
(ii) two plots W and E, of the same size and shape, at the west and east; 
(iii) two plots N and S, of the same size and shape, at the north and south; 
(iv) four plots NW, NE, SW and SE, all of the same size and shape, in each corner, at

the northwest, northeast, southwest and southeast. 
The original two plots A and B, with the combined area 1000 , now consist of N and
NW, and E and SE.

m2

But those areas are equal, respectively, to S and SW, and W and NE, so those have a
combined area of 1000 . That means that all the regions, apart from the central one,
have a combined area of 2000 , leaving 500  inside the central region. 

m2

m2 m2

Of this, one quarter is the couple's house, since the couple's house consists of everything
in the central region northeast of the centre of the circle. So their house occupies 125 .m2

Cy14

stahjm
Text Box
4



28

Solutions to the Olympiad Hamilton Paper

H1. Consider five-digit integers that have the following properties.  Each of the digits is 1, 2
or 3, and each of 1, 2, 3 occurs at least once as a digit; also, the number is not divisible
by 2 nor divisible by 3.
What is the difference between the largest and the smallest of these integers?

Solution
There are four conditions on the five-digit integer: 

A each digit is 1, 2 or 3; 
B there is at least one occurrence of each of 1, 2 and 3; 
C it is not divisible by 2, and so the final digit is either 1 or 3; 
D it is not divisible by 3, and so the sum of its digits is not divisible by 3. 

The largest and smallest five-digit integers that satisfy both condition A and condition B
are 33 321 and 11 123, respectively. Each of these numbers satisfies condition C. 

Now 1 + 1 + 1 + 2 + 3 = 8, which is not divisible by 3, so that 11 123 also satisfies
condition D. Therefore 11 123 is the smallest five-digit integer of the required form.

However, , which is divisible by 3, and hence 33 321 does not
satisfy condition D.  We deduce that, in order to satisfy condition D, a smaller number is
required, whose digit sum is not a multiple of 3. The largest such integer less than 33
321 and satisfying all of conditions A, B and C is 33 221, with digit sum

. It follows that 33 221 is the largest five-digit integer of the
required form.

3 + 3 + 3 + 2 + 1 = 12

3 + 3 + 2 + 2 + 1 = 11

Hence the required answer is , which equals 22 098.33 221 − 11 123

Alternative

Each integer under consideration is not divisible by 3, and therefore its digit sum is not
divisible by 3. But the  only digits are 1, 2 and 3, so the number of digits 1 is different
from the number of digits 2.

In the smallest such number the digits will be arranged in increasing order from left to
right (as far as possible); in the largest such number the digits will be be arranged in
decreasing order (as far as possible). Since all three digits 1, 2 and 3 occur, the smallest
such number is therefore 11 123 and the largest is 33 221.
We observe that neither of these integers is divisible by 2, so they actually have all four
desired properties.
Therefore the difference between the largest and smallest integers with the required
properties is 33 221 − 11 123, which equals 22 098.

13

Olympiad Hamilton Paper

All candidates must be in School Year 10 (England and Wales), S3 (Scotland), or
School Year 11 (Northern Ireland).

1. Consider five-digit integers that have the following properties.  Each of the digits is 1, 2
or 3, and each of 1, 2, 3 occurs at least once as a digit; also, the number is not divisible
by 2 nor divisible by 3.
What is the difference between the largest and the smallest of these integers?

2. A rectangle has area 20 . Reducing the ‘length’ by  cm and increasing the ‘width’
by 3 cm changes the rectangle into a square.

cm2 21
2

What is the side length of the square?

3. A regular heptagon is sandwiched between two circles, as
shown, so that the sides of the heptagon are tangents of the
smaller circle, and the vertices of the heptagon lie on the
larger circle. The sides of the heptagon have length 2. 
Prove that the shaded annulus—the region bounded by the
two circles—has area .π

4. On Monday in the village of Newton, the postman delivered either one, two, three or
four letters to each house. The number of houses receiving four letters was seven times
the number receiving one letter, and the number receiving two letters was five times the
number receiving one letter.
What was the mean number of letters that each house received?

5. Two of the angles of triangle  are given by  and , where
. The bisector of angle  meets  at . The point  lies on the bisector, but

outside the triangle, so that . When produced,  and  meet at .

ABC ∠CAB = 2α ∠ABC = α
α < 45° CAB BC D E

∠BEA = 90° AC BE P
Prove that .∠BDP = 4α

6. Anna and Daniel play a game. Starting with Anna, they take turns choosing a positive
integer less than 31 that is not equal to any of the numbers already chosen. The loser is
the first person to choose a number that shares a factor greater than 1 with any of the
previously chosen numbers.
Does either player have a winning strategy?
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Olympiad Cayley Paper

All candidates must be in School Year 9 or below (England and Wales), S2 or
below (Scotland), or School Year 10 or below (Northern Ireland).

1. The two-digit integer ‘19’ is equal to the product of its digits ( ) plus the sum of its
digits ( ).

1 × 9
1 + 9

Find all two-digit integers with this property.

2. Six pool balls numbered 1−6 are to be arranged in a triangle, as
shown. After three balls are placed in the bottom row, each of the
remaining balls is placed so that its number is the difference of
the two below it. 
Which balls can land up at the top of the triangle?

3. Rachel gave half of her money to Howard. Then Howard gave a third of all his money to
Rachel. They each ended up with the same amount of money.
Find the ratio

amount that Rachel started with : amount that Howard started with.

4. The square  lies inside the regular octagon .  The sides of the octagon
have length 1.

ABIJ ABCDEFGH

Prove that .CJ = 3

5. Four types of rectangular tile have sizes 300 mm × 300 mm, 300 mm × 600 mm, 600
mm × 600 mm and 600 mm × 900 mm. Equal numbers of each type of tile are used,
without overlaps, to make a square. 
What is the smallest square that can be made?

6. A couple own a circular piece of land that has area
2500 .  The land is divided into four plots by two
perpendicular chords that intersect at . Their
rectangular house  has diagonally opposite
corners at  and at the centre of the circle , as
shown. The two plots  and  have a combined
area of 1000 .

m2

X
H

X O
A B

m2

What is the area occupied by the house? 

H

X

O

A

B

29

H2. A rectangle has area 20 . Reducing the ‘length’ by  cm and increasing the ‘width’
by 3 cm changes the rectangle into a square.

cm2 21
2

What is the side length of the square?

Solution 
Let the length of each side of the square be  cm.s
Then the rectangle has length  cm and width  cm. From the information
about the area of the rectangle, we therefore have 

(s + 5
2) (s − 3)

(s + 5
2) (s − 3) = 20,

which we may expand to obtain 

s2 −
s

2
−

15
2

= 20,

or, on multiplying by 2 and subtracting 40 from both sides, 

2s2 − s − 55 = 0.
Factorising the left-hand side, we obtain

(2s − 11) (s + 5) = 0,
from which it follows that  or . Since negative  has no meaning here, we
conclude that the length of each side of the square is  cm.

s = 11
2 s = −5 s

51
2
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H3. A regular heptagon is sandwiched between two circles, as
shown, so that the sides of the heptagon are tangents of the
smaller circle, and the vertices of the heptagon lie on the
larger circle. The sides of the heptagon have length 2. 
Prove that the shaded annulus—the region bounded by the
two circles—has area .π

Solution 
Let the radius of the larger circle be  and the radius of the smaller circle be , so that the
area of the shaded annulus is .

R r
πR2 − πr2

Since the heptagon is regular, the two circles have the same centre.  The figure shows the
common centre  of the two circles, a point of contact  of a side of the heptagon with
the smaller circle, and the two vertices  and  of the heptagon adjacent to . Then

 and .

O T
U V T

OU = OV = R OT = r

O R

R
r

U

V

T

Now  because  is a tangent and  is the radius to the point of
contact. Thus  is perpendicular to the base  of the isosceles triangle , and
therefore  is the midpoint of . But , so that . 

∠UTO = 90° UV OT
OT UV OUV

T UV UV = 2 UT = 1
By Pythagoras' theorem in triangle , we have .  HenceOUT R2 = r2 + 12 = r2 + 1

πR2 − πr2 = π (R2 − r2)
= π (r2 + 1 − r2)
= π,

so that the area of the shaded annulus is .π

Note:  There is nothing special about heptagons; the result is true for any regular
polygon. 

11

• Do not hurry, but spend time working carefully on one question before
attempting another.

• Try to finish whole questions even if you cannot do many.

• You will have done well if you hand in full solutions to two or more
questions.

• Answers must be FULLY SIMPLIFIED, and EXACT. They may contain
symbols such as , fractions, or square roots, if appropriate, but NOT
decimal approximations

π

• Give full written solutions, including mathematical reasons as to why
your method is correct.

• Just stating an answer, even a correct one, will earn you very few marks.

• Incomplete or poorly presented solutions will not receive full marks.

• Do not hand in rough work.
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The United Kingdom Mathematics Trust

Intermediate Mathematical Olympiad and Kangaroo (IMOK)

Olympiad Cayley/Hamilton/Maclaurin Papers

Thursday 20th March 2014

READ THESE INSTRUCTIONS CAREFULLY BEFORE STARTING

1. Time allowed: 2 hours.

2. The use of calculators, protractors and squared paper is forbidden.
Rulers and compasses may be used.

3. Solutions must be written neatly on A4 paper.  Sheets must be STAPLED
together in the top left corner with the Cover Sheet on top.

4. Start each question on a fresh A4 sheet.
You may wish to work in rough first, then set out your final solution with clear
explanations and proofs.  Do not hand in rough work.

5. Answers must be FULLY SIMPLIFIED, and EXACT. They may contain
symbols such as , fractions, or square roots, if appropriate, but NOT decimal
approximations.

π

6. Give full written solutions, including mathematical reasons as to why your
method is correct.
Just stating an answer, even a correct one, will earn you very few marks; also,
incomplete or poorly presented solutions will not receive full marks.

7. These problems are meant to be challenging! The earlier questions tend to be
easier; the last two questions are the most demanding.
Do not hurry, but spend time working carefully on one question before
attempting another.  Try to finish whole questions even if you cannot do many:
you will have done well if you hand in full solutions to two or more questions.

DO NOT OPEN THE PAPER UNTIL INSTRUCTED BY THE
INVIGILATOR TO DO SO!

The United Kingdom Mathematics Trust is a Registered Charity.
Enquiries should be sent to: Maths Challenges Office,

School of Mathematics, University of Leeds, Leeds, LS2 9JT.
(Tel. 0113 343 2339)

http://www.ukmt.org.uk
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H4. On Monday in the village of Newton, the postman delivered either one, two, three or
four letters to each house. The number of houses receiving four letters was seven times
the number receiving one letter, and the number receiving two letters was five times the
number receiving one letter.
What was the mean number of letters that each house received?

Solution 
Let the number of houses receiving one letter on Monday be , and let the number
receiving three letters be . 

m
n

Hence, the number of houses receiving four letters was  and the number of houses
receiving two letters on Monday was . 

7m
5m

Thus, the total number of letters delivered was 

m × 1 + 7m × 4 + 5m × 2 + n × 3 = 39m + 3n.
These letters were delivered to  houses, so the mean
number of letters that each house received was 

7m + 5m + m + n = 13m + n

39m + 3n

13m + n
=

3(13m + n)
13m + n

= 3.
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H5. Two of the angles of triangle  are given by  and , where
. The bisector of angle  meets  at . The point  lies on the bisector, but

outside the triangle, so that . When produced,  and  meet at .

ABC ∠CAB = 2α ∠ABC = α
α < 45° CAB BC D E

∠BEA = 90° AC BE P
Prove that .∠BDP = 4α

Solution

A B

C

D

E

P

α
α α

We are given that  and the bisector of angle  meets  at , that is,
. 

∠CAB = 2α CAB BC D
∠CAD = ∠BAD = α
An external angle of a triangle equals the sum of the two interior opposite angles, so that

.∠BDE = ∠DAB + ∠DBA = α + α = 2α
In the triangles  and :ABE APE

(i) ;∠BAE = ∠BAD = α = ∠CAD = ∠PAE
(ii)  (since the sum of the angles on a straight line equals 180°); ∠BEA = 90° = ∠PEA
(iii)  is common. AE

Thus triangles  and  are congruent (AAS). Hence, . ABE APE EP = EB
Now in triangles  and :PED BED 

 (i) ;PE = BE
(ii) ;∠PED = 90° = ∠BED
(iii)  is common.ED

Thus triangles  and  are congruent (SAS).  Hence .PED BED ∠PDE = ∠BDE
Therefore .∠BDP = ∠BDE + ∠PDE = 2 × ∠BDE = 2 × 2α = 4α

9

19. In a certain forest, frogs are either green or blue. Since last year, the number of blue
frogs has increased by 60%, while the number of green frogs has decreased by 60%. It
turns out that the new ratio of blue frogs to green frogs is the same as the previous ratio
in the opposite order (i.e. the same as the previous ratio of green frogs to blue frogs). 
By what percentage did the overall number of frogs change? 

A 0 B 20 C 30 D 40 E 50

20. Tomas wrote down several distinct positive integers, none of which exceeded 100. Their
product was not divisible by 18. 
At most how many numbers could he have written? 

A 5 B 17 C 68 D 69 E 90

21. Any three vertices of a given cube form the vertices of a triangle.
What is the number of triangles formed in this way whose three vertices are not all in the
same face of the cube? 

A 16 B 24 C 32 D 40 E 48 

22. In the picture,  is a tangent to the circle with centre
 and  is the angle bisector of angle  . 

PT
O PS RPT
What is the size of angle ? TSP

A 30° B 45° C 50° D 60°
E It depends on the position of point . P

P
R

S

T

O

23. Tatiana wrote down in ascending order the list of all 7-digit numbers that contain each of
the digits 1, 2, 3, . . . , 7. She then split the list exactly at the middle into two parts of the
same size. 
What is the largest number in the first half?

A 1 234 567 B 3 765 421 C 4 123 567 D 4 352 617 E 4 376 521

24. The diagram shows a triangle  with , 
and . The point  is the midpoint of , and 
is a square. The line segment  intersects  at . 

FHG FH = 6 GH = 8
FG = 10 I FG HIJK

IJ GH L
What is the area of the shaded quadrilateral ?HLJK

A B C D E
124
8

125
8

126
8

127
8

128
8

F G

H

J

K

I

L

25. A magical island is inhabited entirely by knights (who always tell the truth) and knaves
(who always tell lies). One day 2014 of the islanders were standing in a long queue.
Each person in the queue said, “There are more knaves behind me than knights in front
of me”. 
How many knights were in the queue? 

A 1 B 504 C 1007 D 1008 E 2014
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10. The length of my crocodile's tail is a third of its entire length. Its head is 93 cm long and
this is a quarter of the crocodile's length (not counting the tail). 
How long is my crocodile in centimetres?

A 558 B 496 C 490 D 372 E 186

11. The diagram shows a special die. Each pair of numbers on opposite
faces has the same sum. The numbers on the hidden faces are all prime
numbers. Which number is opposite to the 14 shown? 

A 11 B 13 C 17 D 19 E 23 

35 14

18

12. After walking 8 km at a speed of 4 km/h, Ann starts to run at a speed of 8 km/h. 
For how many minutes will she have to run in order to have an average speed of 5 km/h
over her complete journey? 

A 15 B 20 C 30 D 35 E 40 

13. Cleo played 40 games of chess and scored 25 points.  (A win counts as one point, a draw
counts as half a point, and a loss counts as zero points.)
How many more games did she win than lose? 

A 5 B 7 C 10 D 12 E 15 

14. Triplets Jane, Danielle and Hannah wanted to buy identical hats. However, Jane lacked a third
of their price, Danielle a quarter and Hannah a fifth. When the price of each hat was reduced
by €9.40, the sisters combined their savings and bought a hat each. Not a cent was left over! 
What was the price of a hat before the price reduction? 

A €12 B €16 C €28 D €36 E €112 

15. Let , ,  be positive integers such thatp q r

p +
1

q + 1
r

=
25
19

.

Which of the following is equal to  ?pqr

A 6 B 10 C 18 D 36 E 42 

16. In the equation , each letter stands for a different
digit (0, 1, 2, . . . , 9). 

N × U × (M + B + E + R) = 33

How many different ways are there to choose the values of the letters? 

A 12 B 24 C 30 D 48 E 60 

17. The picture shows seven points and the connections between them.
What is the least number of connecting lines that could be added to the
picture so that each of the seven points has the same number of
connections with other points?  (Connecting lines are allowed to cross
each other.)

 A 4 B 5 C 6 D 9 E 10

18. The picture shows the same cube from two different views. It is built
from 27 smaller cubes, some of which are grey and some white. 
What is the largest number of grey cubes there could be? 

A 5 B 7 C 8 D 9 E 10 

33

H6. Anna and Daniel play a game. Starting with Anna, they take turns choosing a positive
integer less than 31 that is not equal to any of the numbers already chosen. The loser is
the first person to choose a number that shares a factor greater than 1 with any of the
previously chosen numbers.
Does either player have a winning strategy?

Solution 
Anna has a winning strategy: she chooses 30 on her first turn. Now , so
that in order not to lose, neither player can ever select a number not in the list 

30 = 2 × 3 × 5

1, 7, 11, 13, 17, 19, 23 and 29, 
since all other positive integers less than 31 are multiples of 2, 3 or 5. 

Because no two numbers in this list share a factor greater than 1, whichever number
Daniel selects on his turn, Anna may select another one on her next turn, then Daniel
may select another one, and so on. 
Since eight is an even number, this process can continue for four turns in all by each
player, after which all of the numbers will have been selected.  At that point Daniel will
be forced to select one of the other numbers, which all share a factor greater than 1 with
30, and hence Daniel will lose.

Therefore Anna has a winning strategy.
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Solutions to the Olympiad Maclaurin Paper

M1. What is the largest three-digit prime number  whose digits  and  are different
prime numbers?

‘abc’ a, b c

Solution
The primes available as digits are 2, 3, 5 and 7. 
The three-digit prime  sought cannot end in 2 or 5, since then it would be divisible by 2
or 5. Also,  cannot consist of the digits 2, 3 and 7 or the digits 3, 5 and 7 since it would
then be divisible by 3.

p
p

Hence  is composed either of 2, 3 and 5 or of 2, 5 and 7. p
Now  cannot begin with 7 since it would then end in 2 or 5. The next biggest candidate
is 527. But 527 is not a prime because 527 = 17 × 31.

p

However, the next biggest candidate 523 is prime. We can confirm this by showing that
523 has no factors less than 23, which is sufficient since . Our
evidence for this is that

232 = 529 > 523

523 = 7 × 75 − 2

= 11 × 47 + 6

= 13 × 40 + 3

= 17 × 30 + 13

= 19 × 27 + 10.

M2. Nine buns cost £11 +  pence and 13 buns cost £15 +  pence, where 
and .

a b 0 < a < 100
0 < b < 100

What is the cost of a bun?

Solution 
Let a bun cost  pence. x
Since  and , we have .  Therefore

.
9x = 1100 + a 0 ≤ a < 100 1100 ≤ 9x < 1200

123 ≤ x ≤ 133
Similarly, since  and , we have .
Therefore .

13x = 1500 + b 0 ≤ b < 100 1500 ≤ 13x < 1600
116 ≤ x ≤ 123

It follows that  (and , ). Hence the cost of a bun is £1.23.x = 123 a = 7 b = 99

7

1. The MSC Fabiola holds the record for being the largest container ship to enter San
Francisco Bay. It carries 12 500 containers which, if placed end to end, would stretch
about 75 km.
Roughly, what is the length of one container?

A 0.6 m B 1.6 m C 6 m D 16 m E 60 m 

2. If , , and  denote the lengths of the ‘lines’ in the picture, then which of the following
inequalities is correct? 

r s t

r s t

A B C D Er < s < t r < t < s s < r < t s < t < r t < s < r

3. Which of the following is halfway between  and  ?
2
3

4
5

A B C D E
11
15

7
8

3
4

6
15

5
8

4. In the number 2014 the last digit is larger than the sum of the other three digits. How
many years ago was this last true for the calendar year? 

A 1 B 3 C 5 D 7 E 11 

5. In a certain village, the ratio between adult men and adult women is 2 : 3 and the ratio
between adult women and children is 8 : 1. What is the ratio between adults (men and
women) and children? 

A 5 : 1 B 10 : 3 C 13 : 1 D 12 : 1 E 40 : 3

6. The big wheel of this penny-farthing bicycle has perimeter 4.2 metres.
The small wheel has perimeter 0.9 metres. At a certain moment, the
valves of both wheels are at their lowest points. The bicycle begins to
roll. 
How many metres will the bicycle have rolled forward when both
valves are next at their lowest points at the same time?

A 4.2 B 6.3 C 12.6 D 25.2 E 37.8 

7. Doris, her daughter and granddaughter were all born in the month of January. Today
their ages are all powers of 2. Moreover, the sum of their ages is 100. In which year was
the granddaughter born?

A 1998 B 2006 C 2010 D 2012 E 2013

8. Six girls share a flat which has two bathrooms. Every morning, beginning at 7:00, they use
the bathrooms (one girl at a time per bathroom!). As soon as the last girl has finished, they
sit down to eat breakfast together. The times they spend in the bathroom are 9, 11, 13, 18,
22, and 23 minutes. If they organise themselves well, what is the earliest they can have
breakfast together? 

A 7:48 B 7:49 C 7:50 D 7:51 E 8:03

9. The diagram shows a regular octagon, with a line drawn between two
of its vertices. The shaded area measures .3 cm2

What is the area of the octagon in square centimetres?

A 9 B C 8 D 12 E  10 2 8 + 4 2Ma14
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M3. A regular hexagon, with sides of length 2 cm, is cut into two pieces by a straight line
parallel to one of its sides. The ratio of the area of the smaller piece to the area of the
larger piece is 1 : 5. 
What is the length of the cut?

Solution
For convenience, we omit units throughout our working: all lengths are measured in cm,
and all areas in . cm2

The hexagon may be divided into six equilateral triangles with sides of length 2, as
shown in 
Figure 1. Each triangle has area , so the area of the hexagon is .1

2 × 2 × 3 = 3 6 3

2 2

Figure 1 Figure 2

Figure 2 shows the hexagon cut into two pieces by the straight line parallel to a side.
The ratio of the areas of the two pieces is 1 : 5, so that the shaded area is equal to .3
Now the shaded region is a trapezium, which we may divide into an equilateral triangle
of side  and a parallelogram, as shown below.d

2

2

d

d

The height of the trapezium is equal to the height of the triangle, which is .

Therefore the area of the trapezium is 

3
2

 d

1
2

(2 + 2 + d) ×
3

2
d =

3d (4 + d)
4

.

Thus we have 

3d (4 + d)
4

= 3,

that is,

4d + d2 = 4.
Hence

(2 + d)2 = 8,
so that, because  is positive and therefore  is, d 2 + d

2 + d = 8.
In other words, the length of the cut is , which equals .8 2 2
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M4. In the diagram,  is the tangent at  to the circle
, and ,  and  are all right

angles. 

RAQ A
ABC ∠AQB ∠CRA ∠APC

Prove that .BQ × CR = AP2

RQ A

B
P

C

Solution 
By the alternate segment theorem, since  is a tangent we have .
Also . Hence the triangles  and  are similar (AA), so
that 

RAQ ∠QAB = ∠BCA
∠AQB = 90° = ∠APC QAB PCA

BQ

AP
=

BA

AC
. (1)

Furthermore,  (again by the alternate segment theorem) and
. Hence the triangles  and  are also similar (AA), so

that

∠RAC = ∠ABC
∠ARC = 90° = ∠BPA ARC BPA

CR

AP
=

AC

BA
. (2)

From equations (1) and (2), we obtain 

BQ

AP
×

CR

AP
=

BA

AC
×

AC

BA

= 1

and so 

BQ × CR = AP2,
as required. 

5

19. Liz and Mary compete in solving problems.  Each of them is given the same list of 100
problems.  For any problem, the first of them to solve it gets 4 points, while the second
to solve it gets 1 point.  Liz solved 60 problems, and Mary also solved 60 problems.
Together, they got 312 points.
How many problems were solved by both of them?

A 53 B 54 C 55 D 56 E 57

20. Peter set off on his bike to go to Oxford from his cottage.  He aimed to arrive at 15:00.
When he had used up  of the time available, he realised that he had covered  of the
distance.  He then changed his speed so he arrived exactly on time.

2
3

3
4

What is the ratio of the speed for the first part of the journey to the speed for the second part?

A 5:4 B 4:3 C 3:2 D 2:1 E 3:1

21. An antique set of scales is not working properly.  If something is lighter than 1000g, the
scales show the correct weight, otherwise the scales can show any value greater then 1000g.
Jenny grows giant fruit and vegetables.  She has a pumpkin, a quince, a radish, a swede
and a turnip whose weights are all less than 1000g and, in grams, are  and .P, Q, R, S T
When she weighs them in pairs, the scale shows the following:

quince and swede:  1200g radish and turnip:  2100g quince and turnip:  800g
quince and radish:  900g pumpkin and turnip:  700g

Which of the following lists gives the masses in descending order?

A B C D ESRTQP STRQP SRTPQ STRPQ SRQTP

22. A group of 25 people consists of knights, serfs and damsels.  Each knight always tells
the truth, each serf always lies, and each damsel alternates between telling the truth and
lying.  When each of them was asked: "Are you a knight?", 17 of them said "Yes".
When each of them was then asked: "Are you a damsel?", 12 of them said "Yes".  When
each of them was then asked: "Are you a serf?", 8 of them said "Yes".
How many knights are in the group?

A 4 B 5 C 9 D 13 E 17

23. Dean's teacher asks him to write several different positive integers on the board.  Exactly
two of them are to be divisible by 2 and exactly 13 of them are to be divisible by 13.   is
the greatest of these numbers. 

M

What is the least possible value of ?M

A 169 B 260 C 273 D 299 E 325

24. A  square is made from   tiles, all with the same pattern, as shown.5 × 5 1 × 1
Any two adjacent tiles have the same colour along the shared edge.  The
perimeter of the  square consists of black and white segments of length 1.5 × 5
What is the smallest possible number of black segments on the perimeter of
the   square?5 × 5
A 4 B 5 C 6 D 7 E 8

25. Quadrilateral  has right angles at vertices  and  only.
The numbers show the areas in  of two of the triangles.

PQRS P Q
cm2

What is the area in  of ?cm2 PQRS

A 60 B 45 C 40 D 35 E 30

10
5

P

Q R

S
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11. Five equal rectangles are placed inside a square with side 24 cm, as
shown in the diagram.  What is the area in  of one rectangle?cm2

A 12 B 16 C 18 D 24 E 32

12. The diagram shows the triangle  in which  is a
perpendicular height and  is the angle bisector at .  The
obtuse angle between  and  is four times angle .
What is angle ?

PQR RH
PS P

RH PS SPQ
RPQ

A B C D E30° 45° 60° 75° 90°

P

Q R

H

S

α α

4α

13. Six boys share a flat with two bathrooms which they use every morning beginning at
7:00 o'clock.  In each bathroom there is never more than one person at any one time.
The times they spend in the bathroom are 8, 10, 12, 17, 21 and 22 minutes.
What is the earliest time that they can finish using the bathrooms?

A 7:45 B 7:46 C 7:47 D 7:48 E 7:50

14. A rectangle has sides of length 6 cm and 11cm.  The bisectors of the angles at either end
of one 11 cm side are drawn.  These bisectors divide the other 11 cm side into three parts.
What are the lengths of these parts?

A 1 cm, 9 cm, 1 cm      B 6 cm, 1 cm, 6 cm C 3 cm, 5 cm, 3 cm
D 4 cm, 3 cm, 4 cm E 5 cm, 1 cm, 5 cm

15. Captain Sparrow and his pirate crew dug up several gold coins.  They divided the coins
amongst themselves so that each person received the same number of coins.
If there had been four fewer pirates, then each person would have received 10 more coins.
However, if there had been 50 fewer coins, then each person would have received 5
fewer coins.  How many coins did they dig up?

A 80 B 100 C 120 D 150 E 250

16. The mean of two positive numbers is 30% less than one of the numbers.
By what percentage is the mean greater than the other number?

A 75% B 70% C 30% D 25% E 20%

17. Janet enters all the digits from 1 to 9 in the cells of a  table, so that
each cell contains one digit.  She has already entered 1, 2, 3 and 4, as
shown.  Two numbers are considered to be 'neighbours' if their cells
share an edge.  After entering all the numbers, she notices that the sum
of the neighbours of 9 is 15.

3 × 3

What is the sum of the neighbours of 8?

A 12 B 18 C 20 D 26 E 27

1

2

3

4

18. The numbers ,  and  satisfy the equations  and .a b c a + b + c = 500 3a + 2b + c = 1000
What is ?3a + 4b + 5c

A 2000 B 1900 C 1700 D 1600 E 1500

37

M5. Kim and Oli played nine games of chess, playing alternately with the white and black
pieces. Exactly five games were won by whoever was playing with the black pieces,
Kim won exactly six games, and no game was drawn.
With which colour pieces did Kim play the first game?

Solution 
Suppose that Kim wins  games playing Black. Then Kim wins  playing White. b 6 − b
Now Oli wins  games playing Black, therefore Kim loses  games playing
White. Hence altogether the number of games when Kim plays White is

, which is an odd integer. But the only possibilities for the
number of games of either colour played by either player are 4 or 5. It follows that Kim
plays 5 games as White. Thus Kim starts by playing with the white pieces. 

5 − b 5 − b

(6 − b) + (5 − b) = 11 − 2b

(Since , we have . So to summarise, Kim wins 3 games as Black
and 3 games as White, and Oli wins 2 games as Black and 1 game as White. Hence Kim
wins the series 6 games to 3, and Black wins 5 games with White winning 4.) 

11 − 2b = 5 b = 3
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M6. The T-tetromino  is the shape made by joining four  squares
edge to edge, as shown. The rectangle  has dimensions ,
where  and  are integers. The expression ‘ can be tiled by ’ means
that  can be covered exactly with identical copies of  without gaps or
overlaps.

T 1 × 1
R 2a × 2b

a b R T
R T

(a) Prove that  can be tiled by  when both  and  are even.R T a b

(b) Prove that  cannot be tiled by  when both  and  are odd.R T a b

Solution 
(a) Four tetrominos can be fitted together to form a 4 × 4 square, as

shown alongside, and these can be tessellated inside a 
board.

4m × 4n

(b) Colour the board like a chessboard. Then a tetromino covers either three white
squares and one black square, or one white and three black. 
Let there be  of the first type of tetromino and  of the second. Then the total
number of black squares they cover is  and the total number of white
squares is .

m n
m + 3n

3m + n
But the numbers of squares of each colour are equal, so  and
therefore . Hence there are  squares of each colour, making  altogether.

m + 3n = 3m + n
m = n 4m 8m

It follows that  and so . In other words,  is even. Hence
it is impossible to tile the board when both  and  are odd.

2a × 2b = 8m ab = 2m ab
a b

Alternative
Colour the board like a chessboard. Then a tetromino covers either one white
square, or three white squares. So each tetromino covers an odd number of white
squares. 
Suppose that the board can be tiled. The board has  squares and
each tetromino covers four of them, so there are  tetrominos. Thus when both 
and  are odd, there is an odd number of tetrominos.

2a × 2b = 4ab
ab a

b
Therefore, together the tetrominos cover an odd number of white squares—there is
an odd number of them, and each of them covers an odd number of white squares.
But the number of white squares is half the total number of squares, which is ,
an even number.

2ab

Hence it is impossible to tile the board when both  and  are odd. a b

3

1. Each year, the Kangaroo competition is held on the the third Thursday of March.
What is the latest possible date of the competition in any year?

A 14th March B 15th March C 20th March D 21st March E 22nd March

2. The area of rectangle  is 10 .   Points  and  are the
midpoints of the sides  and .

PQRS cm2 M N
PQ SR

What is the area in  of quadrilateral ?cm2 MRNP
A 4 B 4.5 C 5 D 6 E 10

P

Q R

S

M N

3. Rachel has several square pieces of paper of area 4 .  She cuts
each of them into smaller squares and right-angled triangles in the
manner shown in the first diagram.  She takes some of the pieces
and makes the shape shown in the second diagram.

cm2

What is the area in  of the shape?cm2

A 3 B 4 C 9/2 D 5 E 6

4. A bucket was half full.  A cleaner added two litres of water to the bucket.  The bucket
was then three-quarters full.  How many litres can the bucket hold?

A 10 B 8 C 6 D 4 E 2

5. Carl built the shape shown using seven unit cubes.  How many such
cubes does he have to add to make a cube with edges of length 3?

A 12 B 14 C 16 D 18 E 20

6. Which of the following calculations gives the largest result?

A B C D E44 × 777 55 × 666 77 × 444 88 × 333 99 × 222

7. Jack has a piano lesson twice a week and Jill has a piano lesson every other week.  Since
they started playing, Jack has had 15 more lessons than Jill.
How many weeks have they been playing?

A 30 B 25 C 20 D 15 E 10

8. In the diagram, the area of each circle is .  The area
common to any two overlapping circles is .  What is the
area of the region covered by the five circles?

1 cm2

1
8 cm2

A B C D E4 cm2 9
2 cm2 35

8 cm2 39
8 cm2 19

4 cm2

9. This year a grandmother, her daughter and her granddaughter noticed that the sum of their
ages is 100 years.  Each of their ages is a power of 2.  How old is the granddaughter?

A 1 B 2 C 4 D 8 E 16

10. The heart and the arrow are in the positions shown in the figure.  At the
same time the heart and the arrow start moving.  The arrow moves three
places clockwise and then stops and the heart moves four places
anticlockwise and then stops.  They repeat the same routine over and
over again.
After how many routines will the heart and the arrow land in the same
place as each other for the first time?

A 7 B 8 C 9 D 10 E It will never happenMa14
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