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Solutions to the European Kangaroo Grey Paper

1. D Thursdays occur every seven days.  The latest date for the first Thursday in March
would be 7th March and hence the latest date for the third Thursday in March would
be 21st March.

2. C Draw the line .  The rectangle is now divided into four
identical triangles. Quadrilateral  consists of two of
these triangles, so its area is half of the area of rectangle

, that is, .

MN
MRNP

PQRS 5 cm2

P
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S
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3. E The shape is made up of four pieces from one large square plus three further pieces
making up half of a large square.  Hence the area in  is .cm2 4 + 1

2 × 4 = 6

4. B Two litres represents  of the capacity of the bucket.  Hence the capacity
of the bucket in litres is .

3
4 − 1

2 = 1
4

4 × 2 = 8

5. E A cube with edges of length 3 is made up of  unit cubes.  Carl has already
used seven cubes to build the initial shape so the number of cubes he needs to add is

.

33 = 27

27− 7 = 20

6. B Each product is of the form .  The largest result
will come when the value of  is largest.  These values are 28, 30, 28, 24 and
18 respectively.  Hence, the largest result comes when  in calculation B.

aa × bbb = a × b × 11 × 111
a × b

a × b = 30

7. E In each two week period,  Jack has four piano lessons while Jill has one lesson.
Therefore Jack has three extra lessons in each two week period.  Hence it has taken

 two week periods for Jack to have the extra 15 lessons.  So they have
been playing for  weeks.
15 ÷ 3 = 5

5 × 2 = 10

8. B There are four regions where two circles overlap. Therefore the area covered by the
five circles in  is .cm2 5 × 1 − 4 × 1

8 = 9
2

9. C The powers of 2 under 100 are 1, 2, 4, 8, 16, 32 and 64.  The sum of the first six of
these is 63 so, to have a sum of three such ages adding to 100, one of them must be
64 (the grandmother).  This leaves 36 as the sum of the ages of the daughter and the
granddaughter.  The sum of the first five powers of 2 is 31 so, to have a sum of two
such ages adding to 36, one of them must be 32 (the daughter).  This leaves 4 as the
age of the granddaughter.

10. E The figure contains seven regions.  An anticlockwise rotation of four regions on
such a figure is equivalent to a clockwise rotation of three regions.  Hence, each
routine involves the two symbols moving three regions clockwise and so they will
never land in the same region.
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C3. Rachel gave half of her money to Howard. Then Howard gave a third of all his money to
Rachel. They each ended up with the same amount of money.
Find the ratio

amount that Rachel started with : amount that Howard started with.

Solution
Suppose Howard starts with  pence and Rachel with  pence. Then Rachel gives  to
Howard; so after this Howard has . 

h r r
2

h + r
2

Next, Howard gives one third of his money to Rachel, so he has two thirds left. Thus he
now has

2
3 (h +

r

2) , that is,
2h

3
+

r

3
.

We are told that they then have the same amount of money, and so each of them has half
the total amount. Therefore 

2h

3
+

r

3
=

h

2
+

r

2
.

Multiplying both sides by 6, we get

4h + 2r = 3h + 3r ,
and subtracting  from both sides we get  or, in words, Howard and Rachel
started with the same amount of money. So the ratio we were asked to find is 1 : 1. 

3h + 2r h = r

C4. The square  lies inside the regular octagon .  The sides of the octagon
have length 1.

ABIJ ABCDEFGH

Prove that .CJ = 3

Solution
The exterior angles of any polygon add up to , so
for a regular octagon they are  each. That means the
interior angles are  each.  

Since the angle  is a right angle, the angle  is
. 

Consider now the line .

360°
45°

180° − 45° = 135°

ABI IBC
135° − 90° = 45°

JB A

B

C

DE

F

G

H

I

J

This is the diagonal of the unit square , and so ABIJ

JB2 = 12 + 12 = 2,
by Pythagoras' theorem for the triangle .ABJ
Also, , so .∠JBI = 45° ∠JBC = ∠JBI + ∠IBC = 45° + 45° = 90°
This means that triangle  is right-angled at . We have computed  and we know

, so, applying Pythagoras' theorem to triangle , we now get 
JBC B JB2

BC = 1 JBC

CJ2 = JB2 + 12

= 2 + 1,
that is, , as required. CJ = 3
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Solutions to the Olympiad Cayley Paper

C1. The two-digit integer ‘19’ is equal to the product of its digits (1 × 9) plus the sum of its
digits (1 + 9). Find all two-digit integers with this property.

Solution
If such a two-digit number has first digit  and second digit , then its value is .
The given condition then says that the product  of the digits, plus the sum  of the
digits, is equal to , in other words, 

a b 10a + b
ab a + b

10a + b

ab + a + b = 10a + b.
Subtracting  from both sides, we obtain b

ab + a = 10a.
Since a two-digit number cannot have first digit zero, we have  and we can divide
both sides by  to get , that is, . This shows that a number with this
property has second digit 9.

a ≠ 0
a b + 1 = 10 b = 9

We therefore check the numbers 19, 29, 39, , 89 and 99, and find that all of them have
the required property.

…

C2. Six pool balls numbered 1−6 are to be arranged in a triangle, as
shown. After three balls are placed in the bottom row, each of the
remaining balls is placed so that its number is the difference of
the two below it. 
Which balls can land up at the top of the triangle?

Solution 
First we observe that the ball numbered 6 is on the bottom row of the triangle, since
there are no permitted numbers which differ by 6 (because the furthest apart are 1 and 6
itself, and they differ by only 5). 
This tells us not only that 6 cannot appear at the top, but also that 5 cannot. Indeed, if 5
is at the top, then the middle row is 1 and 6 in some order, and that means 6 is not on the
bottom row.
If 4 is at the top, then the numbers below are either 2 and 6 (which, as above, is not
permitted), or 1 and 5. In the latter case, the numbers below the 5 have to be 1 and 6, but
we have already used the 1, so this cannot happen. 
That just leaves three possibilities for the top number: 1, 2 and 3. The following
examples show that they can all be achieved. 

1 2 3

2 1 6

3 3 24 5 5

5 4 46 6 1
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11. E Let the length and height of the small rectangle be  and
 respectively.  From the arrangement of the small rectangles

within the square it can be seen that 
(horizontally) and  (vertically).  These
simplify to  and  respectively. Hence the
value of  is 8 and the value of  is 4.  The area of each small
rectangle in  is then .

x cm
y cm

x − y + x + y + x = 24
y + x + x + y = 24

3x = 24 2y + 2x = 24
x y

cm2 8 × 4 = 32

12. C Let  be the point where  meets . In ,
.  This gives .

Angles on a straight line add to  so
 with solution .  

Hence the size of  is .

X RH PS �HXP
α + 90° + ∠HXP = 180° ∠HXP = 90° − α

180°
4α + 90° − α = 180° α = 30°

∠RPQ 2 × 30° = 60°

P

Q

X

R

H

S

α α

4α

Alternative solution:  For any triangle, the exterior angle at one vertex is equal to
the sum of the interior angles at the other two vertices.  If we apply this to triangle

 we get , so .  Therefore .XPH 4α = 90° + α α = 30° ∠RPQ = 2 × α = 60°

13. B The total length of time in minutes spent in the two bathrooms is 8 + 10 + 12 + 17
+ 21 + 22 = 90.  So, if it can be arranged that one bathroom is being used for
exactly 45 minutes at the same time as the other bathroom is also being used for 45
minutes then the boys would be finished at 7:45.  Consider the bathroom used by
the boy taking 22 minutes.  For an optimal solution, the other boys using the same
bathroom would need to take 23 minutes in total and it can easily be seen that no
such combination of two or more times can give this time.  The closest is 22
minutes from the boy who takes 10 minutes and the boy who takes 12 minutes.
This would mean one bathroom was in use for 44 minutes and the other for 46
minutes.  Hence the earliest time they can finish using the bathrooms is 7:46.

14. E Label the rectangle as shown in the diagram.  The  bisectors
of angles  and  form the hypotenuses of two
isosceles right-angled triangles  and .  Let the
length of  be .  The lengths of  and  are both
6 cm.   has length 11cm so  and hence 
and  are placed as shown.  Hence, the length of  and of

SPQ RSP
PQV URS

UV x cm QV QU
QR QV + RU > QR U

V RU

P

Q R

S

U V

 is .  The length of  is 11 cm so .  This has
solution  so the lengths of the three parts of  formed by the angle
bisectors are 5 cm, 1 cm and 5 cm respectively.

VR (6 − x) cm QR 6 − x + x + 6 − x = 11
x = 1 QR

15. D Let the number of coins and the number of pirates be  and  respectively.  From

the information in the question, we have the equations  and

.  Multiply the second equation through by  to obtain

 which has solution .  Now substitute this value into the
first equation to obtain .  This reduces to  with solution

.  Hence the pirates dug up 150 coins.

N x
N

x − 4
=

N

x
+ 10

N − 50
x

=
N

x
− 5 x

N − 50 = N − 5x x = 10
1
6N = 1

10N + 10 1
15N = 10

N = 150
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16. A Let the two numbers be  and  with .  The mean of the two numbers is 30%
less than one of the numbers, which must be the larger number.  So the mean,

, is 30% less than .  Therefore, , that is .
If we multiply both sides of the equation by 10, we obtain .  So

 and hence .  Therefore .
Therefore, the mean is 75% greater than the smaller number.

x y x > y

1
2(x + y) x 1

2 (x + y) = 70
100x

1
2 (x + y) = 7

10x
5(x + y) = 7x

5y = 2x x = 5
2y

1
2(x + y) = 7

10 × 5
2y = 35

20y = 7
4y = 13

4y = 1.75y

17. E The sum of the neighbours of 9 is 15.  If 9 were to be placed in the central cell, its
neighbours would be 5, 6, 7 and 8 with sum 26 so 9 must be placed in one of the
cells on the perimeter of the table.  So the neighbours of 9 will be the numbers in
the middle cell and the two corner cells which are in either the same row or the
same column of the table.  The largest sum of two such corner cells is  so,
for the sum of the neighbours of 9 to be 15, the number in the middle cell cannot be
smaller than 8. However, the middle square cannot be larger than 8 since we
already know 9 is in a perimeter cell.  Therefore the number in the middle cell is 8
and its neighbours are 5, 6, 7 and 9 with sum 27.

3 + 4 = 7

18. A Note that .  Hence the value of
 is .

(3a + 4b + 5c) + (3a + 2b + c) = 6(a + b + c)
3a + 4b + 5c 6 × 500 − 1000 = 2000

19. D The total number of points scored for any question answered by both Liz and Mary
is 5 whereas the total number of points scored for any question answered by only
one of them is 4.  Let  be the number of questions answered by both.  Therefore,
as the number of questions answere4 only by Liz and the number answered only by
Mary were both , we have .  This reduces to

 with solution .  Hence the number of problems solved by
both is 56.

x

60− x 5x + 2 × 4(60 − x) = 312
480 − 3x = 312 x = 56

20. C Let the distance Peter planned to cycle and the time he planned to take be  and 
respectively.  On the first part of his journey, he travelled a distance  in time  at
an average speed of .  On the second part of his journey, he travelled
a distance  in time  at an average speed of .  Hence the ratio of his
average speeds for the two parts of the journey is .

x t
3
4x

2
3t

3
4x ÷ 2

3t = 9
8

x
t

1
4x

1
3t

1
4x ÷ 1

3t = 3
4

x
t

9
8

x
t : 3

4
x
t = 9

8 : 3
4 = 36 : 24 = 3 : 2

21. A Consider the results of the weighings in pairs.  The pair  and
 tell us that .  Similarly the pair  and 

tell us that , the pair  and  tell us that  and
finally the pair  and  tell us that .  If we combine
these inequalities, we obtain .  Hence, the list in decreasing
order of mass is .

Q + S= 1200
Q + R= 900 S > R Q + R= 900 Q + T = 800

R > T R+ T = 2100 Q + R= 900 T > Q
Q + T = 800 P + T = 700 Q > P

S > R > T > Q > P
SRTQP

22. B Let there be  knights and  serfs altogether, and let there be  damsels who lied to
the first question.  In answer to the first question, the people who answered yes were
the knights (truthfully), the serfs (untruthfully) and the damsels who lied to the first
question they were asked.  This gives the equation .  In answer to the
second question, the people who answered yes were the serfs (untruthfully) and the
damsels who lied to the first question they were asked but who then answered
truthfully.  This gives the equation .  Subtract the second equation from the
second to give .  Hence, the number of knights in the group is 5.

k s d

k + s+ d = 17

s+ d = 12
k = 5

23

22. B

PR

S
T

O

x

90°−2x
90°+2x

45°−x

45°−x

Denote  by .  Since  is a tangent and  is a radius, .  So 
. Then

 (angles on a straight line).  But triangle  is isosceles  and
 are both radii), so .  Therefore by considering the angles in the

triangle , we have .
By considering the angles in the triangle , we see

.

∠SPT x TP OT ∠OTP = 90°
∠TOP = 180° − ∠OTP − ∠OPT = 180° − 90° − 2x = 90° − 2x
∠TOR= 90° + 2x TOR (OT
OR ∠ORT = ∠OTR

TOR ∠ORT = 1
2 (∠ORT + ∠OTR) = 1

2 (180° − (90° + 2x)) = 45° − x
TSP

∠TSP = 180° − ∠SPT − ∠STP = 180° − x − (90° + 45° − x) = 45°

23. E The number of integers on Tatiana's list that start with 1, 2 or 3 will be the same as
the number of integers that start with 5, 6 or 7. Hence the integers around the
middle will all start with the digit 4. Just considering the integers that start with a 4,
the number of these whose second digit is 1,2 or 3 will be the same as the number
whose second digit is 5, 6 or 7; hence the largest one of the first half of the list will
be the largest integer that starts with ‘43’, namely 4 376 521.

24. B Triangle  is right-angled with the right angle at  because its sides 6, 8, 10
form a Pythagorean triple. Using the converse of ‘angles in a semicircle are right
angles’, we deduce that  is the diameter of a circle with centre at  (midpoint of

) and radius 5 (half of the length ). Thus  has length 5 units, and the
square  has area . By subtracting the area of triangle  we will
be able to find the area of quadrilateral  as required. We can find the area of
triangle  by showing it is similar to triangle : let the angle  be ; then
the angles in triangle  are ,  and . Since  and  are both 5 units
long, triangle  is isosceles so we have .  But then

, so the angles of triangle  are ,  and , the same

as triangle .  Using this similarity  so . Hence  and

area .  Hence area .

FGH H

FG I
FG FG IH

HIJK 5 × 5 = 25 HIL
HLJK

HIL FGH HFG x
FGH 90° x 90° − x HI FI

HFI ∠IHF = ∠HFG = x
∠IHL = 90° − x HIL 90° x 90° − x

FGH
IL

IH
=

FH

HG

IL

5
=

6
8

IL =
30
8

HIL =
1
2

× 5 ×
30
8

=
75
8

HLJK = 25−
75
8

=
125
8

25. C There cannot be more than 1007 knaves, for if there were, then the furthest forward
knave would have at least 1007 knaves behind him and at most 1006 knights in
front of him, so he would be telling the truth when he says “There are more knaves
behind me than knights in front of me”. Also, there cannot be more than 1007
knights, for if there were then the furthest back knight would have at least 1007
knights in front of him, and at most 1006 knaves behind him, so he would be lying
when he says “There are more knaves behind me than knights in front of me”.
Hence there must be exactly 1007 knaves, and exactly 1007 knights.  This is
possible if the 1007 knights stand at the front of the queue, followed by the 1007
knaves.
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17. D Let  be the smallest number of connections that each
point could have; then the total number of connections
from all the points together would be . Every connecting
line has two ends, so contributes two to the number of
connections coming from the points. Hence  must be
even, so  must be even. One of the points has 3
connections already, so the smallest possible would be 4 

n

7n

7n
n

connections from each point. The total number of connections would then be
, requiring 14 connecting lines. Subtracting the 5 already there, we

would need to add 9 more.  This can be achieved as shown in the diagram.
7 × 4 = 28

18. D In the two diagrams we can see that the large cube has four white
vertices and four grey vertices. Three of the grey vertices lie in the
same face; they are in the right hand face of the top diagram, and in
the left hand face of the bottom diagram.  Hence the lower cube is
the upper cube rotated  clockwise, as viewed from above. Out of
the six cubes in the centres of the faces, we can see that three of
them are white, so at most three of them could be grey. Out of the 12
cubes in the middle of the edges, we can see that the top face has no
grey ones, the middle layer has no grey ones, and the bottom layer
may have one grey cube.  

90°

The largest number of grey cubes would therefore arise from four grey cubes at
vertices, three in the centres of faces, one in the middle of an edge and the cube in
the very centre of the large cube, making a total of nine in all.

19. B Let  be the original number of blue frogs, and  the number of green frogs. The
new number of blue frogs is , and the number of green frogs is . The new
ratio of blue frogs to green frogs is  and is the same as the previous

ratio in the opposite order .  Hence .  This gives .

which simplifies to  so .  Then the original population of frogs is
; and the new population is .

This is a reduction of  from the original , which is a fifth (or 20%).

b g
1.6b 0.4g

1.6b : 0.4g

g : b
1.6b

0.4g
=

g

b
1.6b2 = 0.4g2

g2 = 4b2 g = 2b
b + g = b + 2b = 3b 1.6b + 0.4g = 1.6b + 0.8b = 2.4b

0.6b 3b

20. C Since the prime factorisation of 18 is , Tomas must ensure that he does not
have any multiple of 2 together with two or more multiples of 3 in the numbers he
writes down. If he excludes all multiples of 2, then he writes down 50 numbers.
However, if he excludes all but one multiple of 3 (of which there are 33, though the
one he includes mustn't be a multiple of 9), then he writes down 
numbers.

2 × 32

100 − 32 = 68

21. C There are eight vertices on a cube. To pick three of these to form a triangle, there
are 8 choices for the first vertex, 7 choices for the second vertex, and 6 choices for
the third, making  choices. However, some of these choices
form the same triangles, so we must only count each set of three vertices once.
Since each set of three vertices can be arranged in six different ways, we must
divide the 336 by 6 to get 56 possible triangles. Now for a particular face, there are
4 possible triangles that can be formed in that face. As there are 6 faces, there are

 triangles whose vertices all lie in the same face, and hence
 triangles whose vertices do not all lie in the same face.

8 × 7 × 6 = 336

6 × 4 = 24
56 − 24 = 32

19

23. C The list of integers must contain 13 numbers divisible by 13, no more than two of
which can be even.  Therefore the list must contain at least 11 distinct odd
multiples of 13.  The minimum value for the largest of these occurs when there are
exactly 11 odd multiples of 13 and they are the first 11 odd multiples of 13.  The
11th odd integer is 21 so the 11th odd multiple of 13 is .  A list of
integers containing two small even multiples of 13 such as 26 and 52 and the first
11 odd multiples of 13 satisfies the conditions in the question and so the least
possible value of  is 273.

21 × 13 = 273

M

24. B All the tiles on the perimeter of the  square contribute
either one or two segments of length 1 to the perimeter with
those contributing two segments being the four tiles at the
corners.  Each tile has only one white edge so there must be a
minimum of four black segments on the perimeter.  Now
consider the central  square of the larger square.
Adjacent tiles must be the same colour along a common edge
so only eight of the nine tiles in the central square can have

5 × 5

3 × 3

their white edge joined to another tile in the central square leaving at least one tile
with its white edge not joined to any other tile in the central square.  Hence, at least
one tile on the perimeter must join its white edge to that of a tile from the central

 square.  The diagram above shows that an arrangement with only one tile on
the perimeter joining its white edge to that of a central tile is possible.  Hence, the
smallest possible number of black segments on the perimeter of the  square is 5.

3 × 3

5 × 5

25. B Let  be the intersection of  and .  Let 
and  be the areas in  of triangles  and

 respectively as shown in the diagram.
Angles  and  are  so  and  are
parallel.  Triangles  and  have the same

T PR QS x
y cm2 STR

QRT
SPQ PQR 90° PS QR

SPQ SPR

10
5

P

Q
y

x
T

R

S

base and the same height so must have the same area.  Hence .  Triangle
 has the same base as triangle  but only a third of the area.  Therefore the

height of triangle  is a third of the height of triangle  and so the height of
triangle  is  the height of triangle .  Triangles  and  have the
same base so their areas are in the ratio of their heights.  Therefore 
which has solution .  Hence the total area in  of quadrilateral  is

.

x = 10
SPT SPQ

SPT SPQ
QRT 2

3 QRP QRT QRP
y = 2

3 (y + 10)
y = 20 cm2 PQRS

5 + 10 + x + y = 45
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